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Asymptotic solutions of singular perturbed system of transport equations
with small mutual diffusion in the case of many spatial variables

Nesterov Andrey
“PLEKHANOV Russian University of Econonics, Moscov, Russia

Summary. We construct an asymptotic expansion on a small parameter of the solution of the Cauchy problem for a singularly
perturbed system of transport equations with small nonlinearity and mutual diffusion describing the transport in a multiphase medium
for many spatial variables. The asymptotic expansion of the solution is constructed as a series in powers of a small parameter and
contains a functions of the boundary and inner layers. The main part of the asymptotics is described by one equation, which under
certain requirements on the nonlinearity and diffusion terms is a generalization of the equation Burgers -Korteweg-de Vries in the
case of many spatial variables.

Statement of the problem

The asymptotic expansion (AE) of the solution of the Cauchy problem for a singularly perturbed system of transport
equations with small nonlinearity and diffusion is constructed

£ U, +Y DU, )=AU+eFU)+&*Y B, (UU
i=1 i=1

X|<o0,t>0,

% 1)-(2)
U(x,00=H a)(—j
&

Here U ={us,...,un} is the solution, 0<e<<1 is a small positive parameter, D; is a diagonal constant matrix, the function
F(U) and the matrix B;(U) are smooth enough, smooth function w(x) is rapidly decreasing together with all
derivatives. Matrix A has a single zero eigenvalue, which corresponds to the eigenvector ho , vector h*, - eigenvector of
the matrix AT, corresponding to the zero eigenvalue, non-zero eigenvalues of the matrix A is imposed condition Re 4 <0.
Below, without limiting generality, we put (ho,ho*)=1. Additionally, it is required that

(F(2).h*,)=0, (B,(2)) "h*,=0V Z,i,j=1...mRel>0VA 0. €)

Such systems of equations can describe the transfer of substances in multiphase media.
The AE of the solution up to order N (determined by the smoothness of the input data) is constructed by the method of
boundary functions [4] and has the form

UED =36 60+ 5 E D) +R, =U, +R,,

C=(X-Vt)/&,E=XIegr=tl*V ={(D'h,,h;)/ (h,h),i=1,..,m}.
The construction of AE members is described in detail in [1], [2], [3] and others. In accordance with the boundary layer
method of A. V. Vasilyeva and V. F. Butuzov [4] we present nonlinear function F(U) in the form

FU)=FU+S+II+R)=FU)+(FU +S)-FU))+ (FU +II)-F(U)) +
+(FU+S+T1+R)-F(U +S)-F(U +II)+ F(U)) = F + SF +IIF +RF.

A similar representation is made for B(U)

B(U)=B +SB+IIB+RB.

(4)

Construction of asymptotic expansion of the solution

Construction regular part AE
Regular part AE have the form

U(Y,t):ZN:g‘Ui(X,t).

(®)
The term U plays a supporting role.
Substitute the expantion (5) in the system (6)
g’ U, +Y.DU,)=AU +sFU)+&'Y B,(UU,, ,|x|<o,1<i<m, t>0, )

i=1 i,j=1
and we obtain the equations for the terms of the expansion [4]:
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&’ Al, =0,
&' AT =-F(T,),

3

g A_z = UO,t + Dil'To,xi - Fu’(UO)l'Tl

i=1

The equation at ¢ is solvable by condition (3).
Hence

U, (X, t) =u,(x,t)h,
U1()(1'[) = Ul(X,t)ho - GF(Uo)a

Here G is a pseudo-inverse to A operator, Uo and u; are some scalar functions.
We write down the condition of solvability of the equation at £2:

(T,, +Z DT, —F/(@,)0,h*,)=0.

i=1
From condition (3) follows (F'(Z)d,h*,) =0Vé.
Therefore the solvability condition gives the equation for ug

Uy, + Zviuo,x, = 0’\/i = (Diho! h;)
= (7)
From the regular part of initial conditionsu,(X,0) =0 it follows u,(X,t) =0VX,t
Similarly, all other u; are zero. The values V, will be used below.

Construction S function
S function have the form

S(E,t):ig‘si(g:,t), ¢ =(x =Vi)/gi=1..m

®)
V; defined by the formula (7).
Function S is the solution of the system

#(5,+305,)=AS 1 o5 +o°S 8BS,
i=1

ﬂ<oo,t>0.

ihj=1

©)
Moving to the variables (£,t) taking into account U =0, we get

&S, +5;\Pisa =AS+sF(S)+& ) B,(S)S,, .

ij=1
¥, =D -V. (10)
Than we obtain the equations for the terms of the expansion [4]
g% As, =0,
‘91 : Asl = Z\Piso,;, - F(so) - Z Bij (So)so,g,gJ = Q]_l
i=1

i
g As, = Sor T Z\Pisl,{i - Fu,(SO)Sl - Z Bij (So)smﬁj = Qz,
i1

ij=1

From here, taking into account the condition (3), we get
5,(¢.1) =, (¢ DN,
Sl(é”t) = ¢1(§1t)ho +GQ1'

We write down the solvability conditions of the equation at &2

(QZ h *0) = (So,t + ZLPiSLG - Fu,(so)sl - z Bijsl,liéj h *o) =0.

i,j=1
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Substituting here the expression for s; and taking into account the conditions (3) as well as equality
(¥:h,,h) = ((D, -V)h,,h %) =0,
we obtain equation for determining ¢, . Let's introduce notation

M, = (¥,G¥ h,h*,)+ (¥ G¥ h,h*)Vi= jM, = (¥ G¥h,h*),

j o i’

Fi,eff ((00) = _(\PiGF((Doho)! h *0)!
Bijk,eff (¢o) = _(\PkGBij (¢oho)h0 , h*o)'

Then the equation for determining (9, can be rewritten as

+ZM |]¢)0;|(J +Z( ieff ((Po)) + Z (Buk eff ((Do)(poglcj)gk =u.
i,j=1 i,jk=1 (11)
In the expanded form the equation has the form

+ZM ugpog,;J +Z ieff (¢0)¢0,¢i +

i,j=1

+ Z (Bijk,eff (@o)%,g;igk + Bijk,eff (Q’o)%,;i;(”ogk ) =0.
i,j,k=1 (12)
We will impose an additional condition

m
ZM ;22, <0V 72 >0.
i,j=1 i=1
To obtain the equation for s, #n>1, we write the expansion terms of order &", &"** and &"*? :
i- _ P
g IAs, =5, ,, +Qj, j=nn+1ln+2,
where Q 1 is defined above, and Q , for p>1 is expressed in terms of previously found sp-1
m
Qp :Z\Pispflé F (S )Spl ZB'J p-1.¢i¢j ’p:2’3""
i=1 i,j=1
From the relations for j=n,n+1 it follows that
s, =hp,({,1)+GQ,, j=n,n+],
where ¢ n, ¢ n+1 are as yet unknown functions.
Writing the solvability condition (s, +Q, ,,h*,)=0o0f the equation for s n.
after exception of s n+1 , We obtain the equation for s, .  Adding a designation
Fl. eff — _(\PiGF’(Q)oho)h 0 h *o)v
taking into account the notations introduced earlier, the linear equation for ¢ , can be rewritten as

+2Mu¢n§;’ +Z(Flieff (0n) + Z (Bukeff ((00)¢n§|(51)[K

ij=1 i,j,k=1

+ Z ((Bijk,eﬁ (¢0)),¢n¢0§i§j )(k = (I)n (é_/!t)! n 21
i,jk=1 (13)
where @ , is expressed by the previously found ¢ j, j<n.

Construction II function
To satisfy the initial conditions the function /7 is constructed.
IT function have the form

H(E,T):ZN:gi p(&,7), E=Xlgr=tlg,

(14)
produced as standard [4]. Function 77 is the solution of the system
I +gZDH = AT+ TF + 23 BIT, I, wop|E| <7 >0,
= (15)

together with satisfies the initial conditions and is a boundary layer function

S(£,0)+I1(£,0) = Ha)( ]H(§ 7) —>0.

700
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The main term is defined as the solution of the system

=A ,H<oo,r>0.
pO,z' pO 5 (16)
The initial conditions for ¢ o and p o are defined together, with the addition of the constraint condition p o at z—oo:

B, + ), =U(%,0)= Hw(zj,|po<§,oo)|<oo.
€ (7)

From conditions (17), we obtain the initial conditions for ¢ o and p o .The solution of problem (16) with initial
condition (17) and condition at infinity exists and satisfies the estimate

” P (Ea T)” <Cexp(-«r),x > 0.

(18)
The remaining p i are defined as solutions of linear inhomogeneous ODES and satisfy similar estimates:
P, = Ap, +P,i 21 |&| <0,z >0,
H P, (E,r)” < Cexp(—«r),x >0. 19)
Here P; is expressed through previously found p j, j<i.
The initial conditions for the functions ¢ ; and p; are obtained together from the conditions
&' (5(5,0)+p(&,0) =0, &'p(&,7) >0,
i=1 i=1
what gives
5(¢,0)+p,(£,00=0,p,(&,7) >0 Vix>O0.
7T—>0 (20)

From conditions (21) we obtain the initial conditions for the functions ¢ i and p .

Evaluation of the residual member

The residual term is estimated by the residual term in the problem.

The question of the existence of a solution and exponential estimates of the solution of equations (1)-(2), (11)-(17)
under rapidly decreasing initial conditions for the variable { not considered here.

The residual term was estimated by residual.

Let the function w(z) have derivatives up to N+3rd order, the function F(z) have derivatives up to N+3rd order in the
domain [|U]|<C, C>0, and let |JU(x, 0)||<C-d, 6>0.

Theorem. The solution of the problem (1) - (2) is represented as

N — —
U= ¢ 0)+p (& o) +R, =U, +R,,
i=0
where Uy =Sy +/71\ is the constructed AE, and the residual term Ry satisfies the Cauchy problem

&R +Zm:Dini)=AR+gRF +gazm:RB..R 1[R[ <o0,t>0,
i=1

%X
ij=1

(21)

R(X,0) =0,r =O(").

Conclusion

1. The solution of the problem (1) - (2) at t> to, where to >0 is some fixed (independent of &), has the form

U )= (s 0+p(E ) +R, =5(S1)+0(e) = ¢, (S, h, +O(e),
where the prir_wipal term AE  ¢o(¢; t) is the solution of the equation

Do+ 2 M@+ D (B (@) + D By (2)05.,) =0
i j=1 i=1 i j.k=1

(generalized Burgers — Korteweg — de Vries equation). For a quadratic function F (u) and constant matrics B (u),
equation (13) is a generalization of the Burgers - Korteweg — de Vries equation [5] to the multidimensional case:

@o, T Z M i (Do,ggj +Zki¢o(po,4i + Z Bijk,eff (oo,gigj;k =0.
i1

ij=1 i jk=1
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For the case of a single spatial variable, the equation (13) differs from the BKdF equation only in the numerical values
of the coefficients

@ + Moy, +kop; . +Boy,,. =0.

2. Very interesting properties of the spatial part (the relationship between the degree of degeneracy of the parabolic part
of the operator and the dimension of the system (1) are obtained in [1],[3].

3. For the dissipativity of the equation (11), the condition is sufficient

m m

=\ _ 2

M(Z)‘_ZlMHZiZiSOVZZi >0. 22)
i,j= i=

It is shown in [1] that the set of matrices A that satisfies the conditions imposed above and satisfies the condition (22) is

not empty.

4. When B (U) =0, the system (1) becomes a system of transfer equations, i.e. a hyperbolic type system.
In this case, the equation (11) that defines the main AE term has the form

@y t+ z M ij (00,44]- + Zl(Fueff ((po))’gi =0, (23)

i j=1
In [1], a class of matrices A is allocated for which the quadratic form M (Z) ,defining the spatial part of the equation, is

sign-positive, and the equation (23) i.e. becomes a parabolic equation (such as the Burgers equation). The nature of the
evolution of the principal term of the AE can be described as the movement with some "effective speed” Ves

\7eff Z{Vi Z(Dihovh;)’i =1,...,n}

with simultaneous pseudodiffusion, the nature of which is determined by the coefficients M;; , which is influenced by
nonlinearity.

The spatial part with the second derivatives is determined by the symmetric matrix M. In [1] it is obtained that the
quadratic form M (Z) can be degenerate, and the degree of degeneration depends on the ratio of the number of

equations n and the number of spatial variables m. For a class of matrices A allocated in [1], for m=3 (three spatial
variables) and for n=2, the matrix M has two zero eigenvalues and one negative, for n=3 - one zero and two negative,
for n=4 and more , all eigenvalues of the matrix M become negative.

Figure 1 shows the evolution of the main AE member for m=3 and n=2, n=3.

Figure 1. n=2, n=3.

In the case of three-dimensional space, the picture of the solution evolution of the principal term of the AE will have
the following view. In a two-phase environment, pseudodiffusion processes develop along  one axis (the direction of
which is given by the vectorA = V, -V, ). Accordingly, the initial local perturbation will move in space with an

"effective" average speed Veff and simultaneously deform, diffusing into a "cloud" extended in the direction of the
vector A. In the case of three phases (a system of three equations), the initial perturbation will move to the Pro-
travel with the averaged speed and diffuse in the plane of vectors V, — V,,V, — V,, forming a flat "cloud".

In the case of four or more phases (a system of 4 or more equations), the initial perturbation will move at the effective
velocity Ve and diffuse over all three axes.

5. For the case of B(U) =0 and a slightly different type of nonlinearity, an AE of a similar problem is constructed in [1].
When a number of additional conditions are imposed, it is possible to prove the estimate of the residual term of the
constructed AE in the norm C.

6. The obtained result (11) allows us to identify non-obvious patterns of behavior of the solution of the Cauchy problem
for singularly perturbed systems of type (1), as well as to identify non-obvious patterns of transfer processes in
multiphase media in the case of rapid exchange between phases.

7. The numerical solution of the Cauchy problem for equation (11) requires significantly less computational resources
than the solution of the original problem (1), due to the fact that equation (11) is not singularly perturbed.
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