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Free and forced modes of fractional-type torsional oscillations of a complex rod
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Summary. In this paper we study torsional oscillations of a complex rod made of material with viscoelastic properties. Free and forced
modes of fractional-type torsional oscillations of a discrete system of a complex rod are described by a system of differential fractional
order equations for a special case. The kinetic energy, deformation work, and generalized energy dissipation function of a fractional type
system are identified for a special case. It has been shown that in the general case of such fractional type systems, with torsional
oscillations, there are no independent modes, and that the system behaves as a nonlinear system.

Model of torsional oscillations of a complex rod

Figure 1 represents a model of a complex rod which is considered as a fractional-type discrete complex system. It
consists of a discrete complex structure composed of light rigid rods of negligible mass, length £, ,k =1,2,3,4 that bear

material points M, ,k =1,2,3,4, at their free ends, and are rigidly connected to the main rod at an angle g, ,k =1,2,3,4at
the other end. The rods are in pairs symmetrically arranged and rigidly joined in the sections of the main rod 1,2,3 and 4

at distances £, ¢3¢ and ¢, measured from the left fixed end of the main rod, and where ¢ is the length of the main
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rod. In the cross-section, at distance from left end of the main rod, a one-frequency

momentum M , =M, ,;sin (Qlt + qpl), with amplitude M , ,, , frequencies Q, and ¢, phase is applied.

Figure 1. Model of a complex rod. This complex system which is considered as discrete system which torsional non-linear
oscillations can be described using fractional derivatives.

For a case of an ideally elastic material, a segment rigidity of a torsion rod is equivalent to the rigidity of a torsion
spring C, and is determined by a constitutive relation of the torsion momentum-torsion angle, M ,and § . The rigidity

Gl
of a torsion spring C, is defined as C, = TOWhere G is the modulus of sliding of the rod’s material, and 1, is the

polar moment of the cross-sectional area of the main rod [1.2]. Assumptions of the model: all masses are equal and all
angles are equal and the indentations are of equal lengths. The system is homogeneous. Materials of which beam and

rods are made have viscoelastic properties and the constitutive relation of the moment M , of torsion of the angle 4,
of torsion of the beam segment can be written in the form:

M =—(c.9+c,.D7[9]) )
where C,, is the stiffness of the fractional type of dissipative properties of the torsion deformation of the beam segment
considered as a torsion spring, and pg[e] is a differential operator of the fractional order in the following form (see
References [3-6]):
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where « is a rational number between 0 and 1, determined experimentally and F(l—a) is the Gamma function.
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The kinetic energy, deformation work, and generalized energy dissipation function of the fractional type
system

Free and forced modes of fractional-type torsional oscillations of a discrete system of a complex rod are described by a
system of differential fractional order equations for a special case. The system of the fractional order differential equations
can be written in matrix form:

Al frclg e, prisl=o ®
where A is the matrix of coefficients of inertia, C is the matrix of coefficients of elasticity and C_ is a matrix of
coefficients of the system of fractional properties. If the relationC; , , = K,C; k=12,34 is valid, then

C, =x,C and, in that case, the system belongs to a special class of fractional type systems in which main modes of

fractional type are independent. In this case, we can apply a procedure for transformation of the generalized coordinates
into the main coordinates like for the corresponding linear system.

Expressions for kinetic energy E, , deformation work A of the torsional deformed system, and the generalized

function @, [5,6] of fractional-type dissipation of the system energy are
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To obtain a system of fractional order differential equations that describe the torsional oscillations of the observed

discrete complex structure, Lagrange differential equations of the second order were used.
Independent fractional order differential equations for describing free main fractional type modes are in the following
form:

gs +a)52§s +Kaa)52Dta [55]20' s=1234 (7
and for describing forced main fractional type modes:

. ) ) .
E + P& +x,w’DE[E]=hsin(Qt+¢,), s=1234 ®)
where & are main coordinates, w, are eigen frequencies of a fractional order system, x, is the constant of

proportionality. When Ct’a’k * KaCt’k and Ca iKaC, the fractional-type modes are coupled and the system
behaves in a non-linear way, and there is an interaction between fractional-type modes.

Conclusions

Torsional oscillations of a complex rod with viscoelastic properties are analyzed. The main idea applied in the paper is
that the segment rigidity of the described torsion rod is equivalent to the rigidity of a torsion spring. The kinetic energy,
deformation work, and generalized energy dissipation function of the fractional type system are identified. Free and forced
main fractional type modes are defined. It has been shown that in the general case of such fractional type systems with
torsional oscillations, there are no independent modes, and that the system behaves as a nonlinear system. When system

belongs to an after-mentioned special class of fractional type systems, main modes of fractional type are independent.
Acknowledgement. Parts of this research were supported by the Ministry of Education, Sciences and Technology of Republic Serbia trough
Mathematical Institute Serbian Academy of Sciences and Arts, Belgrade.

References

[1] Raskovi¢, D., Theory of Oscillations, Nau¢na knjiga, Beograd, 1965, p. 503. (in Serbian)

[2] Raskovi¢, D., Steinght of Materials, Nau¢na knjiga, Beograd, 1977, p. 426. (in Serbian).

[3] Bacli¢, B.S., Atanackovi¢, T. (2000) Stability and creep of a fractional derivative order viscoelastic Rod. Bulletin T, CXXI de L'Academie Serbe
des Sciences st de Arts -Class des Sciences Mathematques et Naturelles Sciences, No. 25, 115-131.

[4] Hedrih (Stevanovic¢) K. (2011) Analytical mechanics of fractional order discrete system vibrations. Chap in Monograph. Advances in nonlinear
sciences Vol. 3, JANN, Belgrade, pp. 101-148. ISSN: 978-86-905633-3-3.

[5] Hedrih (Stevanovi¢) K. (2014) Generalized function of fractional order dissipation of system energy and extended Lagrange differential equation
in matrix form, Dedicated to 86th Anniversary of Radu Miron’s Birth. Tensor Vol. 75, No. 1. pp. 35-51. Tensor Society (Tokyo), c/o
Kawaguchi Inst. of Math. Soc. Japan. ISSN 0040-3604.

[6] Hedrih (Stevanovi¢), K.R., Machado J.M. T. (2015) Discrete fractional order system vibrations. International Journal Non-Linear Mechanics Vol
73, pp. 2-11.



