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New simple oscillator model describing ice-induced vibrations of an offshore structure
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Summary. In this paper a new simple oscillator model is considered describing ice induced vibrations of upstanding, water surrounded,
and bottom-founded offshore structures. Existing models are extended by taking into account deformations of an ice floe, and a moving
contact interaction between an ice rod, which is cut out from the floe, and the oscillator which represents the offshore structure. Special
attention is paid to a type of ice-induced vibrations (IIV) of structures, known as frequency lock-in, and characterized by having the
dominant frequency of the ice forces near a natural frequency of the structure. The instability onset,induced by resonance for the
oscillator and generated by the ice rod structure interaction, is studied in detail.

Statement of the problem

Vertically-sided, bottom-founded offshore structures occasionally experience sustained vibrations due to drifting ice
sheets crushing against them. Usually, three regimes of interaction are distinguished: intermittent crushing, frequency
lock in, and continuous brittle crushing. In this paper, we introduce a mathematical model for a special type of ice- in-
duced vibrations (IIV) of structures, known as frequency lock-in, and characterized by having the dominant frequency of
the ice forces near a natural frequency of the structure. In this paper, we propose a model extending the previous ones,
in particular, those suggested in [1, 2, 3, 4]. A novelty with respect to the previous investigations is that we study the ice
deformations in more detail including nonlinear deformation. We describe deformations of the ice rod taking into account
possible viscous ice behaviour, and a moving contact between the structure and the ice. Following [1, 2, 3, 4] we consider
an offshore structure as a one-degree-of- freedom oscillator and the ice floe as a system of ice rods, whose properties in-
clude local failure. In particular, we consider a simple oscillator, which interacts with one of such rods. Considering only
one rod we take into account the connections of this rod with the others following the approach suggested in [5]. In order
to simulate the behavior of the structure during the frequency lock-in regime the condition was set that the ice should
always be in contact with the structure. On the basis of this requirement the equation describing the simple oscillator
dynamics is given by:

qtt + Ω2q + αqt = µ, (1)

where q = q(t) is the oscillator displacement, Ω2 = G
M , where Ω is the oscillator frequency, and M and G are the

mass and rigidity of the oscillator respectively, and α > 0 is a positive damping coefficient. For (1) the following initial
conditions are used:

q(0) = 0, qt(0) = 0. (2)

The term µ in (1) defines a force which is acting on the oscillator due to the ice rod, and has the form

µ =
EF

M
(ux +

δ0
E
uxt + u2x)|x=q(t), (3)

where u = u(x, t) is the longitudinal ice rod displacement, E is an ice Young’s modulus, F is the ice rod cross sectional
area, and δ0 is the ice internal, structural damping coefficient. The term ux in the right hand side of (3) defines the
contribution of linear deformations, and the term uxt is the ice viscosity. The following equation describes the dynamics
of the ice rod, which is defined on the semi-infinite domain Iq = {x : q < x <∞}.

ruxx −mutt + δ0uxxt = Q, (4)

Q = −β(st − ut)− k0(s− u), (5)

where u(x, t) is the unknown ice rod displacement, m is the ice rod mass per unit length, Q is a force occurring in the
rod due to its side-surface contact with others ice rods in the space around the rod in the ice floe that is considered in
(4). The ice floe is drifting along the x-axis. The parameters β,r,δ0, and k0 are positive. The coefficient β is the ice
friction coefficient during its side-surface contact, the coefficient r is the coefficient relating the shearing stress and the
strain in the ice floe, and thus defines "the load spreading capacity of the foundation" according to [5]. The parameter k0
characterizes the rod compression which is caused by stresses due to the ice rod compression in the transverse direction
by other ice rods. In other words, the ice floe behavior can be modelled by a generalized spring and a generalized dashpot.
The function s(t) describes the shift of the ice rod, and s(t) is defined by s(t) = −vt+ ρ(t), where v > 0 is the relative
ice velocity, and ρ(t) =

∑∞
n=1 dnH(t− tn).

Here tn are time moments when the ice rod crushes at x = q(t); dn are the lengths of ice blocks that split off, and H(z)
stands for the Heaviside step function. The time moments tn are defined by the condition

p(tn) = pc, (6)
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that is, the pressure p in the ice periodically attains a critical level pc. We introduce the following boundary conditions

u(q(t), t) = q(t), u(x, t)→ 0, for x→ +∞. (7)

The first one is a contact relation between the ice rod and the oscillator, and the second one is a radiation condition at
infinity. The initial conditions are given by

u(x, 0) = φ0(x), ut(x, 0) = φ1(x), x ∈ (q(0),∞), (8)

where φj(x) are fast decreasing functions in x for x→∞.

Figure 1: The dependence of the equilibrium amplitude A on the ice rod speed v for the dimensionless parameters k0 = 25, d = 1,
β = 0.2, ᾱ = 4, and δ0 = 0.1.

Conclusions

In this paper, a new model is proposed to describe the interaction between an ice-rod and an oscillator. This model takes
into account deformations of the ice floe. The model is analytically investigated by asymptotic methods.It is shown that the
contact interaction between the oscillator and the ice rod leads to resonances. The main resonance between the oscillator
and the external load occurs when the natural frequency Ω of the oscillator is close to the external load frequency ω.
We also find a new mechanism for the oscillator’s behavior which can be described by a resonance between the external
load, the oscillator, and the part of the ice rod (boundary layer) inducing an oscillator-ice rod interaction during the rod’s
motion with speed v. We show that ice rod deformation patterns arise which are generated by an interaction between the
oscillator and the rod. This ice rod deformation is exponentially decreasing along the ice rod length. We obtain a plot
describing how the oscillator’s amplitude A depends on the ice velocity v. For some parameter choices this plot shows a
significant peak for the amplitude A. For small rod-speeds v we have a small oscillation amplitude A, as well as for large
v. The height and width of the peak depend on the system parameters.
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