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Summary. Control-based continuation (CBC) is a testing method that maps the nonlinear dynamic features of a physical system di-
rectly from experiments. The application of CBC has been so far limited to electro-mechanical systems. In this paper, we numerically
investigate the application of CBC to a synthetic gene network, the toggle switch. The network’s behaviour is simulated using a nonlin-
ear model (with and without noise), and model predictive control (MPC) is exploited to control its dynamics, through the definition of
an appropriate control objective function. Our preliminary results show that MPC-based CBC can accurately capture the continuation
curve obtained numerically on the full nonlinear model.

Introduction

Mathematical modelling is widely used in System and Synthetic Biology to understand nonlinear biochemical phenomena
(e.g. gene expression temporal oscillations), and to design and validate engineered gene circuits. Although widely used,
biochemical models can be challenging in both their derivation and associated parameter identification [1, 2]. Parameter
and model uncertainty can significantly alter the reliability of model predictions of nonlinear dynamic behaviours.
The application of control-based continuation (CBC) to biological systems, not attempted to date, has the potential to
overcome these difficulties, improving the understanding of naturally-occurring nonlinear biochemical dynamics (e.g.
oscillations in signalling pathways) and enabling the rapid prototyping of engineered gene regulatory network dynamics.
CBC is a non-parametric method that combines feedback control with principles of numerical continuation to map out the
dynamic features of a nonlinear physical system directly during experimental tests [3]. The fundamental principles of CBC
are well established and the method has been applied to a wide range of non-living (i.e. electro-mechanical) systems [4, 5].
In this contribution, we investigate the use of CBC to detect and track the equilibria of the toggle switch, an engineered
genetic circuit [6]. Model-predictive control (MPC), previously exploited to control biological systems [7], is employed to
steer the system’s dynamics towards steady-state and stabilise unstable responses of the underlying uncontrolled system.

Control-Based Continuation of a synthetic toggle switch’s dynamics

We investigate the application of CBC on a toggle switch, one of the first and best characterised synthetic gene network
implemented to date in living bacterial cells [6, 8]. The gene network consists of two repressors (LacI and TetR) and two
inducers (Atc and IPTG). Each repressor affects the opposite gene’s production, which can be externally tuned through
the addiction of chemical inducers. Levels of LacI and TetR can be observed thanks to fluorescent reporters (Figure
1A). The associated deterministic model is mathematically described by a set of four nonlinear differential equations
taking into account mRNA transcription and translation of both repressors. For the stochastic scenario, a SDE model for
the description of biochemical systems based on pseudo-reactions is considered [9].
We chose Model-Predictive Control (MPC) as control strategy to implement CBC; this method combines state estimation,
model prediction and optimization algorithms to find the optimal actuation to apply to a system. At each time step i, the
choice of the optimal sequence of N control inputs is based on the minimization of the cost function

Ji =

N∑
k=1

(N − k + 1)e(i+ k)2, (1)

where the error e(i+ k) is defined as the difference between the control target and the prediction of the system’s response
over N samples. The system response to a particular sequence of control inputs is predicted by integrating in time a linear
model of the system. This linear model was identified prior to closed-loop simulations using input-output in-silico data
and time-domain subspace algorithms. At each time step i, the initial conditions required to initialise simulations are
obtained using a Kalman filter that was also derived during the linear identification process. When an optimal sequence
of inputs is found, only the actuation for the next time step is applied to the system. This whole optimization process is
repeated at each actuation time step i.
Cost function (1) usually includes an additional term to balance tracking performance and control effort. This term is not
considered here but replaced by optimization constraints limiting the control action u at time step i to be no more than
30% different from the control action at time step i− 1.
The inducer IPTG is considered to control the toggle switch’s dynamics. IPTG regulates the expression of a fluorescent
reporter gene, which is a proxy for the TetR concentration (see Fig. 1A). The controller based on the optimization of
Eq. (1) with constraints allows to reach any meaningful value of the TetR concentration. At steady state, the value of
the control input (IPTG) can be interpreted as the bifurcation parameter [10]. Recording IPTG for a range of target
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Figure 1: MPC-based CBC of a synthetic toggle switch. A) Schematic representation of the toggle switch, adapted from [6], where RFP and

GFP represent the fluorescent proteins binding with LacI and TetR. B) CBC results and numerical continuation bifurcation diagram (COCO
software) are shown as red points • and a dotted line (−−), respectively; blue points • design the bifurcation points. IPTG is the inducer, used as
bifurcation parameter. C) CBC results on the stochastic model are represented as a density plot: 10 repetitions of the same experiment are run and 300
points are collected.

concentrations, the equilibrium curve of the uncontrolled toggle switch can be traced out. Fig. 1B shows the excellent
agreement obtained between bifurcation diagram computed using standard numerical continuation algorithms (dashed
line) and CBC results (red dots). Saddle-node bifurcations are highlighted in blue in Fig. 1B. For the stochastic case,
multiple simulations are considered and 300 points are collected (Fig. 1C).

Conclusions

This paper investigates the use of CBC for tracking the equilibrium of synthetic gene regulatory networks. Our preliminary
in silico results demonstrate the feasibility of the approach and the ability of CBC to capture both the stable and unstable
behaviours of the original, uncontrolled system. In particular, in the absence of noise, the equilibrium curve measured
using CBC perfectly agrees with the one computed using standard numerical continuation. In the stochastic scenario,
CBC is still able to uncover the bistable nature of the system as data points qualitative follow the equilibrium curve of the
underlying deterministic model. Unstable steady states collected using CBC also prove to be beneficial when estimating
model parameters that reproduce bistability. The introduction of CBC to characterise cellular dynamics could benefit
both the System and Synthetic Biology communities, providing a valuable tool to explore complex nonlinear dynamics
and to gather important information that can eventually enable a more precise prototyping of those dynamics into novel
synthetic gene circuits. The application of CBC to biochemical experiments could be done using microfluidics/microscopy
platforms for real-time monitoring and control of gene expression in living cells via dynamic modulation of inducer
molecules [11].
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