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Parametric study of a switching control model of stick balancing
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Summary. We are interested in understanding the control mechanism employed by the central nervous system during stick balancing
on the fingertip. Although this is a relatively simple balancing task, the underlying control law is still not yet fully understood. In
this research, predictor feedback is applied in the mechanical model of stick balancing by taking into account the dead zone of human
perception of the stick’s state and the reaction delay. Using these assumptions, we derive a switched control model whose behaviour is
then investigated as the function of the system parameters.

Introduction

In recent years, the interest on studying human balancing from an engineering point of view is constantly growing [1].
The results of this research can be beneficial in helping people living with balance disorders and in the therapeutic motor
control development of children. Stick balancing on the fingertip represents the key features of dynamic balancing,
namely, an unstable equilibrium should be stabilized in the presence of reaction time delay and sensory uncertainty.
Therefore, in this paper the stick balancing task is studied by developing the mechanical model and performing numerical
analysis using the semidiscretization method for time-delay systems [2]. There are several control concepts to model
the balancing mechanism, e.g. delayed PD controller [3], PDA controller [4], intermittent controller [5]. Measured time
signals of stick balancing tasks suggest that nonlinearities due to switching-type control may be a key feature of human
balancing [6]. Here, a switching-type predictor controller is applied to model the control force exerted by human subjects.

Mechanical model and applied controller

Our research group has developed a device, in order to have a simplified measurement setup, where planar stick balancing
can be carried out by human subjects. The stick is mounted on a cart via a pin joint and the cart is only allowed to move
along a 1-meter-long rail. Subjects sit in a chair so their shoulders are parallel to the rail, therefore, the balancing occurs
in the subject’s medio-lateral plane [7]. It is assumed, that humans move only their forearm in this balancing task and not
their upper arm. The mechanical model of the system is shown in Fig. 1a), where the forearm of the subject is modelled
by a truncated cone [8]. The inertia of the forearm and hand can be modelled by a cart of equivalent mass ma which is
added to the mass of the cart mc and thus, the system is reduced to a two-degree-of-freedom pendulum-cart model shown
in Fig. 1b), where me = ma +mc.
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Figure 1: a) Schematic 3D figure of the stick balancing task. The cart is linearly driven on a rail and the stick is pinned
onto the cart via a planar joint. The subject controls the cart with their hand using a handle that is rigidly fixed to the cart.

b) Reduced mechanical model of the stick balancing task.

By taking the generalised coordinates x - the position of the cart - and ϕ - the angular deviation of the stick -, the equation
of motion can be derived for the 2 DoF system. However, x is a cyclic coordinate, and therefore can be eliminated from
the equation. After linearisation, the equation of motion reads

ϕ̈(t) =
6g

c l
ϕ(t)− 6F (t)

(m+me)c l
, (1)

where c = 4− 3m/(m+me), m is the mass of the stick, l is the length of the stick, me is the equivalent mass of the cart,
g is the gravitational acceleration and F (t) is the control force applied by the human. When applying predictor feedback,
it is assumed that the internal model of the human is exact, that is it matches the actual system parameters as a result of a
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long enough learning process. In this case, the feedback of the predicted state eliminates the delay from the control loop
[4] and the control force of the switching-type model predictor feedback is:

F (t) =


0 if|ϕ(t− τ)| < Πϕ and |ϕ̇(t− τ)| < Πϕ̇,

Pϕ(t) if|ϕ(t− τ)| ≥ Πϕ and |ϕ̇(t− τ)| < Πϕ̇,

Dϕ̇(t) if|ϕ(t− τ)| < Πϕ and |ϕ̇(t− τ)| ≥ Πϕ̇,

Pϕ(t) +Dϕ̇(t) if|ϕ(t− τ)| ≥ Πϕ and |ϕ̇(t− τ)| ≥ Πϕ̇,

(2)

where it is assumed, that the angular deviation and the angular velocity of the stick is sensed by the human perception and
the prediction is made based on these measured values. The human sensory dead zone is also accounted for in the model
of the control force, hence the switching. Different sensory dead zones are applied for the angle and angular velocity of
the stick denoted by Πϕ and Πϕ̇, respectively. The switching of the control force occurs with a time delay τ , since it
takes a finite time for the human to detect that the stick is out of the dead zone, which is equal to the reaction delay of the
subject. Substituting F (t) into Eq. (1) gives a nonlinear model of human balance control.

Numerical study

A numerical study on the stability of the system is carried out using the semidiscretization method [2] as a function of the
system parameters P , D and τ . The values of me = 1.73 [kg], m = 0.1 [kg] and l = 0.9 [m] are held constant during the
analysis. The equivalent mass is determined by anthropometric data from [9] and by measuring mc = 0.12 [kg]. Because
of the model predictor feedback, the discrete map corresponds to a sampled output system without any feedback delay,
where the stability diagram depends on the sampling time ∆t. The sampling time was set to ∆t = 0.01 [s]. Fixed value
of sensory dead zone is applied for the angle Πϕ = 1 [deg] and the sensory threshold for the angular velocity is varied
between Πϕ̇ = 0.02...2 [deg/s].

Conclusions

The parametric study leads to the detection of solutions converging to pseudo-equilibria that lies on the switching line
determined by the size of the dead zone for the angle if the sensory dead zone of the angular velocity is sufficiently small
and τ = 0 [s]. However, if the size of the dead zone of the angular velocity is large, a stable periodic orbit determined
by both sensory dead zones can be observed for the parameter combination P = 30 [N], D = 5 [Ns] and τ = 0 [s].
Nevertheless, τ = 0 [s] is not physiologically feasible for the case of human balancing. For a feasible value of time delay
a stable symmetric orbit with a long period is found for the control gains P = 30 [N], D = 5 [Ns], and τ = 0.3 [s].

0 5 10 15
-10

-5

0

5

(a)

-3 -2 -1 0 1 2 3
-10

-5

0

5

(b)

Figure 2: a) Numerical solution for control parameters τ = 0.3 [s], P = 30 [N], D = 5 [Ns]. b) Stable symmetric orbit
in phase plane for the numerical solution.
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