
ENOC 2020, July 5-10, 2020, Lyon, France

Numerical Methods for Nonsmooth DAEs

Alexandre Rocca∗, Vincent Acary∗ and Bernard Brogliato∗
∗University Grenoble-Alpes, Inria, CNRS, Grenoble INP, LJK, 3800 Grenoble, France (e-mail:

firstname.surname@inria.fr)

Summary. In this work, we will discuss the various approaches to simulate hybrid differential algebraic equations (hybrid DAEs),
i.e., dynamical systems with some algebraic constraints switching with respect to the state variables. Then, we will present our recent
work on the simulation of such hybrid DAE through a reformulation as DAEs with non-smooth constraints. Finally, we show on some
examples that numerical methods for non-smooth dynamical systems can be extended for the simulation of these non-smooth DAEs.

Hybrid DAEs are an increasing share of the simulated hybrid systems. They can be found in a large panel of engineering
domains such as, but not limited to, chemical process engineering [15], electronics [1], for a long time in mechanical
systems [4], and in numerous cyber-physical systems. In most of these domains, engineers rely on model-based design
language such as Modelica [8] to define their dynamics in a piecewise manner using conditional statements. The resulting
dynamical systems are of the form: 

ẋ(t) = f(x(t), z(t))

0 = gi(x(t), z(t))

,∀(x(t), z(t)) ∈ Xi.

(1)

The variables x, z are the differential and algebraic variables, respectively. The setsXi = {(x, z) ∈ Rn1+n2=n |hi(x, z) >
0} define a partition of Rn such that:

⋃
i X i = Rn, int(Xi) 6= ∅, for all i. In addition, let assume that i 6= j,

∂Xi ∩ ∂Xj = ∅. Indeed, the definitions of the dynamics on the border of a partition are, in general, ambiguous.

Related Works

It is first worth to mention that some works, such as [14], have taken the approach of relaxing the non-smoothness inherent
to the hybrid DAE using smooth versions of a step function such as the sigmoid function, Hill function, or the hyperbolic
tangent. If these works enable a direct application of known numerical methods for non-linear DAEs, they, in general,
worsen the numerical simulation efficiency due to the high stiffness, but also the numerical stability because of bad
conditioning inherent to stiff systems. This was for example noted for the simulation of electronic systems with diodes
[1].
Another approach, taken by V. Merhmann et al. [7, 11], is to use numerical methods defined for hybrid DAE structured
as hybrid automata. Their implementation relies on event based numerical methods and explicit transition functions to
correctly re-initialise the system after switching. It is noteworthy that they detect and simulate in some particular case
sliding modes in a similar fashion to Filipov sliding motion [6] for ODEs. In particular, this concept of continuous
solutions for hybrid DAE as been formalised and studied by I.V Matrosov [9, 10] in an unrelated work. The work of
A. Benveniste et al. [3] uses non-standard analysis to construct well-defined transitions from one mode to another in the
context of hybrid DAE even in presence of varying index. In particular, this work pairs well with [11] as the definition
by the user of the DAE initialisation at switching is not needed anymore. It is also worth to mention the work of S.
Trenn [16] that defines the solutions of hybrid DAE with exogenous switching. In particular, he introduces the notion of
distributional solutions which can also be used to efficiently solve inconsistent initial conditions.
Outside of the hybrid automata approach, the hybrid DAE have also been studied as non-smooth dynamical systems.
For example, differential variational inequalities (DVI) form a class of non-smooth DAEs which are studied in [12]. In
particular, they give well-posedness results, and some numerical methods are analysed, for DVI with a structure similar
to index-1 DAEs. K. Camlibel et al. [5] extend results of well-posedness of differential inclusions to differential algebraic
inclusions with maximal monotone operators. In additions, they study the well-posedness of non-smooth linear DAEs
with some passivity properties.

Analysis of Non-smooth DAEs

In a previous work [13], we proposed to relax the switching algebraic equations gi(x, z) = 0 from (1) by filling-in the
graph of the constraints. This is achieved by using step-functions s+(·) in a similar fashion to [2] in order to build a
generalised constraint.

g(x, z) =
∑
i

∏
j 6=i

(1− s+(hj(x, z)))

 s+(hi(x, z))gi(x, z) = 0 . (2)

The actual definition of g(x, z) will depend of the choice of the step-function definition when hj(x, z) = 0. Then, we
studied the effect of such relaxation in (3), a particular 2-dimensional example (see Figure 1), and we have shown that the
constraint (2) is relaxed as a generalised equation, whose well-posedness can be studied. We show that the system with
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the generalised constraint (2) presents continuous sliding solutions that are not exhibited by the methods of [11] and [9].
ẋ1(t) = 1 + B1z(t)

ẋ2(t) = B2z(t)

0 ∈ sign(x1(t)) + |x1(t))| − x2(t) .

(3)

Then, by studying the well-posedness of the implicit Euler numerical discretization of this example (4), we conjecture
an extension of the implicit Euler numerical scheme for simulation of such non-smooth DAEs. This improved Euler
numerical scheme has proven to yield good results on our example (see convergence results on Fig. 2).

p∗k+1 := min
xk+1,zk+1,λk+1

‖xk+1 − xk‖ ,

s.t x1,k+1 − x1,k = h(1 + B1zk+1)

x2,k+1 − x2,k = hB2zk+1

0 ∈ sign(x1,k+1) + |x1,k+1| − x2,k+1 ,

(4)

In this work, we will extend this analysis the more general class of hybrid DAEs that can be formulated as mixed linear
complementarity systems. Indeed, in [13], we have seen the constraint (2) can be expressed as mixed linear complemen-
tary problems. We show that such representation can be used for the numerical simulation of a wide variety of systems
involving hybrid DAEs. We provide both a study of implicit Euler discretization, and numerical simulations of concrete
case studies implemented with SICONOS a toolbox for the simulation of non-smooth dynamical systems.

Figure 1: In red and green, we show two possible solutions of
the example studied in [13].

Figure 2: Linear convergence of implicit Euler extension for
various cases of the example studied in [13].

References

[1] ACARY, V., BONNEFON, O., AND BROGLIATO, B. Nonsmooth modeling and simulation for switched circuits, vol. 69. Springer Science &
Business Media, 2010.

[2] ACARY, V., DE JONG, H., AND BROGLIATO, B. Numerical simulation of piecewise-linear models of gene regulatory networks using complemen-
tarity systems. Physica D: Nonlinear Phenomena 269 (2014), 103–119.

[3] BENVENISTE, A., CAILLAUD, B., ELMQVIST, H., GHORBAL, K., OTTER, M., AND POUZET, M. Structural analysis of multi-mode dae systems.
In Proceedings of the 20th International Conference on Hybrid Systems: Computation and Control (2017), ACM, pp. 253–263.

[4] BROGLIATO, B. Nonsmooth mechanics: Models, dynamics and control, third edition. Communications and Control Engineering (2016).
[5] CAMLIBEL, K., IANNELLI, L., TANWANI, A., AND TRENN, S. Differential-algebraic inclusions with maximal monotone operators. In IEEE 55th

Conference on Decision and Control (CDC) (2016), IEEE, pp. 610–615.
[6] FILIPPOV, A. F. Differential equations with discontinuous right-hand side. Matematicheskii sbornik 93, 1 (1960), 99–128.
[7] HAMANN, P., AND MEHRMANN, V. Numerical solution of hybrid systems of differential-algebraic equations. Computer Methods in Applied

Mechanics and Engineering 197, 6-8 (2008), 693–705.
[8] HENNINGSSON, E., OLSSON, H., AND VANFRETTI, L. Dae solvers for large-scale hybrid models. In Proceedings of the 13th International

Modelica Conference, Regensburg, Germany, March 4–6, 2019 (2019), no. 157, Linköping University Electronic Press.
[9] MATROSOV, I. V. Existence of solutions of the algebro-differential equations. Automation and Remote Control 67, 9 (2006), 1408–1415.

[10] MATROSOV, I. V. On right-hand uniqueness of solutions to nondegenerated algebro-differential equations with discontinuances. Automation and
Remote Control 68, 1 (2007), 9–17.

[11] MEHRMANN, V., AND WUNDERLICH, L. Hybrid systems of differential-algebraic equations–analysis and numerical solution. Journal of Process
Control 19, 8 (2009), 1218–1228.

[12] PANG, J.-S., AND STEWART, D. E. Differential variational inequalities. Mathematical Programming 113, 2 (2008), 345–424.
[13] ROCCA, A., ACARY, V., AND BROGLIATO, B. Index-2 hybrid DAE: a case study with well-posedness and numerical analysis. Research report,

Inria - Research Centre Grenoble – Rhône-Alpes, Nov. 2019, https://hal.inria.fr/hal-02381489.
[14] SOUZA, D. F. D. S., VIEIRA, R. C., AND BISCAIA JR, E. C. Strategies for numerical integration of discontinuous dae models. In Computer

Aided Chemical Engineering, vol. 20. Elsevier, 2005, pp. 151–156.
[15] STECHLINSKI, P., PATRASCU, M., AND BARTON, P. I. Nonsmooth differential-algebraic equations in chemical engineering. Computers &

Chemical Engineering 114 (2018), 52–68.
[16] TRENN, S. Switched differential algebraic equations. In Dynamics and Control of Switched Electronic Systems. Springer, 2012, pp. 189–216.


